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Biochemical mode l s c a p a b l e of sus ta ined osci l la t ions and de t e rmin i s t i c chaos a re invest igated. 
Chaos is charac te r ized by exponen t i a l s epa ra t ion of nea r -by t r a j ec to r i e s in the long- te rm average. 
However , we observed ra the r la rge dev ia t ions f r o m pure ly exponen t i a l separa t ion t e rmed "non-
un i fo rmi ty" . A quan t i t a t i ve desc r ip t ion and consequences of n o n u n i f o r m i t y are discussed. 

F u r t h e r m o r e , the in f luence of shor t -cor re la ted no ise is t rea ted us ing nex t - amp l i t ude maps and 
Lyapunov exponents . Dras t i c a m p l i f i c a t i o n of f luc tua t ions in non -chao t i c systems and relat ive 
robustness of chaos were f o u n d . 

1. Introduction 

A s a result o f e n z y m e regu la t ion i n b i o c h e m i c a l 

systems, a var iety o f d y n a m i c a l patterns were f o u n d 

to occur [ 1 - 4 ] . S u c h a tempora l se l f o rgan i za t i on is 

part o f the b io log i ca l regu la t ion a n d m i g h t a l so 

p r ove respons ib le for fa i lures i n b i o l og i ca l sy s tems 

[5, 6], 

I n the fo l lowing, Se l kov - t ype sy s tems are treated 

w h i c h m a y serve as qua l i tat ive m o d e l s o f me tabo l i c 

p a t hway s [ 7 - 1 0 ] . I n these mode l s su s ta ined osc i l la -

t ions, coexistence o f different attractors (e.g. b i -

r hy thm ic i t y in the sense o f [3]), p e r i o d - d o u b l i n g , 

a n d determin is t ic chao s [9, 10] were f ound . I n th i s 

pape r we use specif ic m o d e l s to d i s cu s s two p r o b -

l ems w h i c h are o f genera l interest: n o n u n i f o r m 

d y n a m i c s and the effects o f noise. 

I n Sect. 2 we in t roduce the m o d e l s o f con s ide r -

a t i on a n d app l y u sua l techn iques ( pha se portraits, 

next-ampl i tude maps , L y a p u n o v exponents). Chao t i c 

b e h a v i o u r is character ized b y a pos i t i ve L y a p u n o v 

exponent ind icat ing that sma l l pe r tu rbat ions g r o w 

exponent ia l l y i n the l ong - te rm average. H o w e v e r , as 

w e wil l s h o w in Sect. 3 large dev i a t i on s f r o m this 

average g rowth occur, referred to as n o n u n i f o r m i t y . 

Quant i t i e s are de f i ned w h i c h mea su re the degree o f 

this n o n u n i f o r m i t y o n different t ime scales. 

It is w ide l y recogn i zed that b i o c h e m i c a l s y s tems 

are inherent ly no i s y s ince they are o p e n to their 

R e p r i n t requests to Dr . H. Herzel , D e p a r t m e n t of Physics , 
Humbo ld t -Un ive r s i t y , Inval idenstr . 42, D D R - 1 0 4 0 Berlin. 

s u r r o u n d i n g s [ 1 1 - 1 4 ] . T h u s it seems usefu l to s tudy 

the effects o f r a n d o m fluctuations. I n Sect. 4 

m e c h a n i s m s are d i scus sed w h i c h m a y cause a 

drast ic amp l i f i c a t i on o f otherwise impercept ib le 

f luctuations. T h e in f luence o f noise o n chaos is 

s tud ied b y the a id o f nex t -amp l i tude m a p s and 

L y a p u n o v exponents i n Sect ion 5. R o b u s t n e s s o f 

chaos and trans it ions f r o m per iod ic to appearent ly 

chaot ic b e h a v i o u r are f ound . 

2. The Models 

O u r First s y s tem is a genera l i zat ion o f the wel l -

k n o w n Se lkov -osc i l l a to r desc r ib ing g lyco lyt ic oscil la-

t ions [7, 8]: 

d x / d t = \ - B x - x y 2 , dy/dt = A(xy2 - y ) . (1) 

He re non l inear i t y is due to a n autocatalyt ic react ion 

o f substrate -Y into p roduc t y. A detai led b i f u r ca t i on 

d i a g r a m c a n be f o u n d elsewhere [8], T h e m a i n 

features o f the d y n a m i c s are v i sua l i zed in F i g . 1, 

where a stable l imit cycle, a stable s teady state o n 

the x - a x i s a n d a separatr ix between t h e m can be 

seen. D e s p i t e the s imp l i c i t y o f (1) a H o p f - b i f u r c a -

t ion and coexistence o f attractors appear and, there-

fore, r e m a r k a b l e responses to f luctuat ions can be 

ob se rved (see Sect ion 4). 

De te rm in i s t i c chaos w a s f ound in an extended 

m o d e l con ta i n i ng in a d d i t i o n to (1) a revers ib le 
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depo s i t i on o f .x into a inact ive f o r m z [9]: 

d.v/dJ = 1 - Bx - xy2 — Exy + z , 

dy/dt = A ( x y 2 - y + D), dz/dt = F(Exy - z ) . (2) 

A b i fu rca t ion d i a g r a m a n d s o m e routes to c h a o s are 

d i scus sed in [9]. I n the f o l l o w i n g o n l y E w i l l be 

v a r i ed a n d the other pa ramete r s are kept cons tant 

(A = 4\ B = 0.35; D = 0.1; F = 0.2). 

I n 1978 the n o n p e r i o d i c l o n g - t e r m b e h a v i o u r o f 

so lu t ions o f (2) w a s taken as a n i nd i ca to r o f c h a o s 

[9], T o d a y , L y a p u n o v exponen t s d e s c r i b i n g the 

stabi l i ty propert ies o f trajectories are w i d e l y u s e d as 

quant i tat ive m e a s u r e m e n t s o f c h a o s [15, 16]. T h e y 

descr ibe the ave raged stab i l i ty p roper t ie s o f a 

trajectory on a n attractor. F o r c o m p u t a t i o n o f 

L y a p u n o v exponents the l i nea r i zed equa t i on s h a v e 

to be so lved: 

dq/dt = J ( x ) q (3) 

( J ( x ) - Jacob imat r i x , JC = (x, y, z)). 

The se equat ions g o v e r n the b e h a v i o u r o f i n f i n i -

tes imal dev ia t ions q(t) f r o m a trajectory JC(/). T h e 

g r o w t h o f the E u c l i d e a n n o r m o f q leads for a l m o s t 

all init ial vectors <7(0) to the m a x i m u m L y a p u n o v 

exponent /] [15]: 

= l i m 
/-+ 00 

— I n 
t 

I <7(0 11 

q(0) 
(4) 

T h e s u m o f all L y a p u n o v exponen t s related to the 

contract ion o f pha se space v o l u m e is g i v e n b y the 

m e a n d ivergence: 

/ i + A •> + A 

y 
2 r 

R=0. 9 
B=0.125 

Fig . 1. R e p r e s e n t a t i v e s t roboscop ic p h a s e p r o t r a i t to (1) 
wi th a s table n o d e ( • ) , u n s t a b l e s t a t ionary po in t s (x) a n d a 
s t ab l e l imi t cycle. Every 0.1 t i m e uni ts a p o i n t was p lo t t ed 
a n d t h u s fast a n d slow " m o t i o n " can be d i s t i ngu i shed . 

1.46 1.48 1.5Z 

Fig . 2. M a x i m u m L y a p u n o v e x p o n e n t n e a r t h e onset of 
c h a o s (s tep w id th AE = 0.001, in tegra t ion t imes : 6000). 
N e i g h b o r i n g po in t s h a v e b e e n j o i n e d by a s t r a igh t l ine to 
g u i d e t he eye. T h e enve lope (see (7)) is d e p i c t e d as a 
d a s h e d line. 

(5) 

= l i m T j ( - B - y 2 

r-oo t o 
Ey + 2 A x y - A - F ) d t ' . 

S i nce one L y a p u n o v exponent v a n i s h e s [15], w e c a n 

c o m p u t e the w h o l e L y a p u n o v s pec t r um f r o m 

( 2 ) - ( 5 ) . I n this w a y the f o l l o w i n g e s t imat ion s were 

ob t a i ned for a representat ive pa ramete r v a l u e 

£ = 1 . 5 ( integrat ion t ime: 5 0 0 0 0 ) : 

A, = 0.0285 ± 0 .0005 , 

A3 = - 0.248 ± 0 . 0 0 1 . (6) 

F i g u r e 2 s hows h o w the m a x i m u m L y a p u n o v e x p o -

nent /) depends o n pa ramete r E. S o - ca l l ed p e r i o d i c 

w i n d o w s (/, = 0) are in ter sper sed a m o n g chao t i c 

pa ramete r s (/q > 0). T h e onset o f c h a o s a r o u n d 

Ec= 1.5245 is character ized by the " p e r i o d - d o u b l i n g 

s c e n a r i o " [9]. The re fo re , one m a y expect a un i ve r sa l 

enve l ope o f ( E ) [17]: 

E - Er ( ß = 0 .4498 ...). (7) 

S u c h a p o w e r l aw i n d e e d wa s f o u n d i n o u r s y s tem 

( d a s h e d l ine i n F i g . 2) w i t h an e xponen t ß=0.42 

± 0.04. T h u s , once m o r e a n a s t on i s h i n g un i ve r sa l i t y 

nea r the onset o f c h a o s is ind icated. 

N o w we desc r ibe the so lu t i on s o f (2) i n the pha se 

space s p a n n e d b y the concent ra t ion var iab les . A f t e r 

a t rans ient t ime trajectories are cap tu red b y the 

attractor. P e r i o d i c m o t i o n co r r e spond s to an attract-

i n g l im i t cycle (see e.g. F i g . 1) whe rea s chaot i c 
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Fig. 3. Next-amplitude maps of chaos in (2) (£=1 .5 ) . 
(a) Maximum of y(t) versus the preceding one. (b) Maxi-
mum of y(t) versus the maximum two oscillations before. 

m o t i o n takes place o n " s t range attractors " w h i c h 

can be character ized b y non- integer d i m e n s i o n s [18]. 

T h e K a p l a n - Y o r k e d i m e n s i o n [19] fo l lows f r o m 

the L y a p u n o v exponent s i n (6): 

Z ) K Y = 2 + 
M 

= 2.115 ± 0.003. (8) 

S ince this va lue is s l i ght ly above two, the attractor 

is s o m e w h a t s im i l a r to a two -d imen s i ona l surface 

and, therefore, Po i nca re sections or nex t -amp l i tude 

m a p s resemble o n e - d i m e n s i o n a l curves. T h e next-

a m p l i t u d e m a p s in F i g . 3 are ob ta i ned f r o m 

sequences o f m a x i m u m ^ - va l ue s w h i c h are stored 

d u r i n g the in tegrat ion o f (2). S ince F i g . 3 a reveals a 

t w o - b a n d structure, it appear s des i rab le to use every 

second m a x i m u m only. T h u s the curve in F i g . 3 b is 

der ived. T h e s im i l a r i t y w i th the logist ic m a p is not 

s u r p r i s i n g because p e r i o d - d o u b l i n g was ob se r ved at 

adjacent parameters [9]. 

S o far we have ob ta ined s o m e ins ight into the 

chaot ic propert ies b y u s i n g s tandard techn iques 

( L y a p u n o v exponents, nex t - amp l i t ude maps ) . 

I n the next sect ion it wi l l be demons t ra ted that 

the exponent ia l sepa ra t i on o f nea r -by trajectories 

mus t be unde r s tood as average behav i ou r . D e v i -

at ions f r o m the exponent ia l g r owth tu rn out to be 

rather important , at least i n chemica l systems. 

3. Nonuniform Dynamics 

I n o rder to p r o d u c e tempora l se l f -o rgan izat ion in 

chemica l systems, several react ions are necessary. 

T h e react ion rates can va ry w ide l y and, therefore, 

the d y n a m i c s o f chemica l systems is u sua l l y very 

nonun i f o rm. T h i s m e a n s that the phase space 

Fig. 4. (a) Chaotic oscillations of the concentration y(t) 
(Eqs. (2); E = 1.5). (b) Corresponding growth of a pertur-
bation q using (3) ( q(0) =1) . Note the deviations from 
the average behaviour (dashed line). 

velocit ies a n d the stabi l i ty propert ies o f trajectories 

f luctuate strongly. 

It was s h o w n in the p reced ing sect ion that the 

n o r m o f a n in f in i te s ima l per tu rbat ion g r ows ex-

ponent ia l l y i n the l ong - te rm average (see (4)). 

H o w e v e r , the rea l i zat ion i n F i g . 4 v i sua l izes drast ic 

dev i a t i on s f r o m average b e h a v i o u r ( da shed line). 

T o quan t i f y this nonun i f o rm i t y , we return to ( 2 ) - ( 3 ) 

a n d d i scuss the g r o w t h o f the E u c l i d e a n n o r m 

q(t) in s o m e m o r e detai l: 

d_ 

d7 

X J i j ( x ) <h <1] 
<J q = L(x, q) q . (9) 

T h u s a t ime dependent d i ve rgence rate L(x, q) is 

d e r i v ed w h i c h depend s o n the trajectory x and the 

d i rect ion o f q. W i t h i nc reas ing t ime transients d ie 

out and a lmos t all pe r tu rbat ions q are or iented into 

the d i rect ion o f m a x i m u m expan s i on [15] and, 

therefore, the statistical p ropert ies o f L(x,q) are 

a s s u m e d to be i ndependen t o f the initial condit ions. 

E q u a t i o n (4) imp l i e s that the l ong - te rm average o f 

L(x,q) equa l s / ) . N o w we def ine the fo l l ow ing 

g r o w t h rates: 

/ , ( r ) = j L ( * , g ) d r = ln ' . (10) 
u II 

T h e quant i t ies /, (r) m e a s u r e the exponent ia l change 

o f the length o f q(t) d u r i n g the t ime interval r w h e n 

the sy s tem is m o v i n g a l ong the trajectory f r o m x (/,) 
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to jc(/, + r). T h u s , the d e v i a t i o n f r o m ave rage 

b e h a v i o u r can be m e a s u r e d o n a rb i t r a r y t ime scales 

b y the ratio o f the s t anda rd d e v i a t i o n Al{r) to the 

m e a n va lue ( / ( r ) ) ( a ve r a g i n g ove r en semb le s /,(r) 

co r re sponds to t ime averages) . 

Al(R) = ( < / 2 ( R ) > - < / ( T ) > 2 ) 1 / 2 , < / ( T ) > = A, T. ( 1 1 ) 

F o r smal l o r large t ime scales r, p r e v i o u s l y d e f i n e d 

quant i t ies can be recovered: the " N o n - U n i f o r m i t y 

F a c t o r " ( N U F ) [20, 21] a n d a " d i f f u s i o n c o n s t a n t " ! ) 

[18,22] , 
A ( t ) 

N U F = Ai • l i m w 

D = 

0 < / ( T ) > ' 

(-^/(T))2 

l i m (12) 

T a b l e 1 conta ins i n f o r m a t i o n a b o u t the n o n u n i -

fo rmi ty in ou r m o d e l o n d i f ferent t ime scales. 

It can be c onc l uded that o n l y o n large t ime scales 

(r 100) the g r o w t h o f pe r tu rba t i on s q is ac tua l l y 

g o ve rned by the m a x i m u m L y a p u n o v exponent . O n 

t ime scales o f on l y few osc i l l a t ions ( m e a n " p e r i o d " 

( r ) % 9 . 6 ) , e x p a n s i o n as wel l as con t rac t i on o f 

per turbat ions can be f ound . T h e s e statements are i n 

g o o d accordance w i t h the actual g r o w t h o f the 

rea l izat ion in F i g . 4. T h e concept o f n o n u n i f o r m i t y 

o n arb i t rary t ime scales wa s a p p l i e d to o n e - d i m e n -

s iona l m a p s in [23]. T h e r e it tu rns out a g a i n that a 

chemica l sy s tem ( B e l o u s o v - Z h a b o t i n s k y m a p ) is 

character ized by s t rong n o n u n i f o r m i t y . O u r a s s u m p -

t ion o f n o n u n i f o r m i t y b e i n g a typ ica l p r ope r t y o f 

chemica l chaos wi l l be s tud ied i n m o r e detai l i n a 

f o r t h c o m i n g paper. 

N o n u n i f o r m d y n a m i c s is i n t imate l y re lated to the 

computa t i ona l effort w h i c h is necessary to est imate 

L y a p u n o v exponents. B e y o n d this, the i m p o r t a n t 

que s t i on o f state p red ic tab i l i t y d e p e n d s o n the 

degree o f n o n u n i f o r m i t y [24]. 

Table 1. Measures of nonuniformity (see (11)) on different 
time scales (E = 1.5, integration time: 104). 

T Al( t) 
Al{ r) 
< / « > 

0.1 0.128 ±0.002 46 ± 2 
0.2 0.247 ± 0.002 44 ± 2 
1 0.88 ±0.002 31 ± 2 

10 1.96 ± 0 . 1 7 ± 0.5 
100 2.14 ± 0 . 5 0.75 ± 0.2 

F r o m [18] it f o l l ows that n o n u n i f o r m d y n a m i c s is 

c lose ly connected w i t h a c omp l i c a ted structure o f 

attractors. S u c h an i n h o m o g e n e i t y o f attractors c a n 

be treated by the concept o f genera l i zed attractor 

d i m e n s i o n s . Par t i cu la r ly , the d i f ferences be tween 

p robab i l i s t i c d i m e n s i o n s mea su r e the deg ree o f in -

h o m o g e n e i t y [18]. It w a s s h o w n in [25] that o u r 

attractor ( £ = 1.5) is i n d e e d a very " i n h o m o g e n o u s 

f rac ta l " s ince the co r re la t ion exponent [18] D2 = 2.02 

± 0.06 d i f fers c on s i de r ab l y f r o m the K a p l a n - Y o r k e 

d i m e n s i o n (see (8)). 

T h u s we emphas i ze that chemica l systems typ ica l ly 

exh ib i t n o n u n i f o r m i t y a n d i n h o m o g e n e o u s attrac-

tors and , therefore, a p r ope r de sc r i p t i on s h o u l d 

i n c l ude a treatment o f these propert ies. 

4. Amplification of Noise in Non-Chaotic Systems 

R e a l m a c r o s c o p i c s y s tems are a lway s i n contact 

w i t h sources o f f luctuat ions. Bes ides t he rma l no i se, 

a f luctuat ing input, the discrete n u m b e r o f react ing 

part ic les a n d " h i d d e n " react ions are poss ib le sources 

o f r a n d o m perturbat ions . 

H e r e the w i d e class o f add i t i ve shor t -cor re la ted 

no i se is s imu l a t ed by a d d i n g every 0.1 t ime un i t s 

uncor re la ted G a u s s i a n p s e u d o - r a n d o m n u m b e r s 

( s t anda rd dev i a t i on Q ) to the so lu t ions o f (1) o r (2). 

I n th is way , rea l i zat ions ( F i g s . 5 a n d 6) a n d next-

a m p l i t u d e m a p s ( F i g s . 9 a n d 10) were obta ined. 

F u r t h e r m o r e , the m a x i m u m L y a p u n o v exponen t /., 

is c o m p u t e d in the presence o f f luctuat ions. F o r th is 

p u r p o s e i n (3) the determin i s t i c trajectory JC w a s 

rep laced b y the pe r t u rbed orb i t [26]. B y th is p roce -

d u r e /j is de f i ned v i a l i near i za t ion a l o n g n o i s y 

trajectories, a n d thus it descr ibes the s epa ra t i on o f 

nea r - b y orb i t s subject to the s a m e external no i s e 

l . 0 

Fig. 5. Noise-induced oscillations near the Hopf bifurca-
tion (Eqs. (1); A = 0.95; B = 0). The fluctuations act on 
x(t) with 0 = 0.02. 
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field. I f nea r - by trajectories are i n f l uenced b y d i f fer -

ent rea l i za t ion o f r a n d o m no i se the s i tua t ion is 

m u c h m o r e comp l i ca ted . T h e n we can expect i n 

a d d i t i o n to a n exponent i a l s epa ra t i on desc r ibed b y 

/.i > 0 a p o w e r - l a w sepa ra t i on d u e to no i se w h i c h is 

w e l l - k n o w n f r o m d i f f u s i o n [27]. 

F i r s t o f all s o m e effects o f no i se o n t w o - d i m e n -

s i ona l s y s tems are d i scussed. U n d e r certa in c i r c u m -

stances drast ic amp l i F i c a t i on o f f luctuat ions appea r s 

w h i c h can eas i ly be con fu sed w i t h tru ly chaot i c 

b e h a v i o u r . T h u s , o u r e xamp l e s c on t a i n s o m e w a r n -

i ng i n the present c h a o s e u p h o r i a to ident i fy a n y 

large n o n p e r i o d i c osc i l l a t ions as determinist ic chaos. 

A s a first e x a m p l e the Se l kov -o sc i l l a to r o f (1) is 

treated at the pa ramete r s g i v e n i n F i g u r e 5. T h e s e 

va l ue s c o r r e s p o n d to a w e a k l y d a m p e d focus 

(.v, v) = ( 1 , 1 ) , i.e. dete rmin i s t i c trajectories a pp r oach 

th is s teady state w i t h d a m p e d osc i l lat ions. T h e 

rea l i za t ion i n F i g . 5 s h o w s relat ively regu la r no i se -

i n d u c e d osc i l l a t ions w i th a m p l i t u d e s drast ica l ly 

exceed ing the no i se level ( Q = 0.02). 

N o w we focus o u r attent ion to another k i n d o f 

i r regu la r o sc i l l a t ions d u e to f luctuat ions as d e m o n -

strated i n F i g u r e 6. A t these pa ramete r - va l ue s each 

dete rmin i s t i c trajectory a p p r o a c h e s the stable n o d e 

(x, y) = (\/B, 0 ) (see F i g u r e 1). O n the contrary, 

s tochast ic rea l i za t ions m a y cross the separat r ix 

located s l ight ly a b o v e the .Y-axis a n d return to the 

n o d e after a h i g h burs t [28]. I n b o t h cases, the 

stochast ic o r i g i n o f the osc i l la t ions can be detected 

by negat ive L y a p u n o v exponent s : 

F i g . 5: / , = - 0.035 ± 0 . 0 0 2 , 

F i g . 6 : A, = - 0 . 1 5 ± 0 . 0 2 . (13) 

H o w e v e r , w e f o u n d another s y s tem w i th no i se -

i n d u c e d instabi l i ty, i.e. w i t h > 0 due to f luc-

tuat ions : 

d .Y2 d.Y , 
— - + 0 . 2 10 X + 100 .v3 = n(t) 
dt2 dt /v 

(14 ) 

T h i s doub le -we l l osc i l lator wa s s tud ied in tens ive ly 

u n d e r p e r i o d i c exc i tat ion [29]. I n f l uenced b y a 

r a n d o m force rj(t) (every 0.05 t ime units G a u s s i a n 

r a n d o m n u m b e r s w i t h va r i ance 0.005 were a d d e d ) 

s i m i l a r osc i l la t ions as in the chaot i c case [29] occu r 

(see F i g u r e 7a ) . T h i s no i se amp l i f i e r c an be inter-

preted as a c o m b i n a t i o n o f the p r e v i ou s l y d i s cu s sed 

cases, s ince it con ta in s weak l y d a m p e d focuses a n d 

lea 

Fig. 6. Burst oscillations due to crossing of a separatrix 
(Eqs. (1), A = 1.0, B = 0.125). Noise acts on x(t), y(t) with 
Q = 0.05. 

Fig. 7. (a) Noise-induced oscillation of the double-well 
oscillator (Eq. (14)). (b) Corresponding growth of a per-
turbation q using (3). Note the exponential growth in the 
average (dashed line) and the sudden increase of q due 
to noise-induced jumps to the other focus. 

a separatr ix . T h e unexpec ted result 

L = 0.3 ± 0.04 (15) 

c a n be u n d e r s t o o d f r o m F i g u r e 7 b. A s i n F i g . 4, 

the b e h a v i o u r o f a pe r t u r ba t i o n q is s h o w n , a n d i n 

th is w a y the o r i g i n o f the instabi l ity c an be detected. 

N o i s e m a y k i c k the s y s t e m f r o m pos i t i ve to nega-

tive .x-values ( a nd v ice ver sa ) a n d thus the s t rong 

ins tab i l i ty a r o u n d .Y = 0 is r e spon s i b l e for the overall 

ins tab i l i ty expres sed b y (15). 

T h e c h o s e n e x a m p l e s i l lustrate that f luctuat ions 

c a n be amp l i F i ed to m a c r o s c o p i c p r opo r t i on s a n d 

thus eas i ly be m i s t a k e n for dete rmin i s t i c chaos. 

H o w e v e r , p owe r f u l new m e t h o d s o f t ime series 

ana l y s i s are d e v e l o p e d w h i c h a l l ow chao s to be 

d i s t i n g u i s h e d f r o m s tochast ic osc i l l a t ions [16, 30]. 
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Bes ides ou r examples , further references [2, 31, 32] A ^ 

suggest that the amp l i f i ca t i on o f no ise d u e to local 

instabi l ity, marg i na l stabi l ity near b i fu rca t ions and 

coexistence o f attractors m i g h t be o f s im i l a r i m p o r -

tance as chaos itself. 0.i 

5. The Influence of Noise Chaotic on Dynamics 

I n order to cross the interface between m a t h e m a t -

ical mode l s [ 1 - 3 , 9] a nd exper imenta l ev idence o f 

chaos [33, 34], it is appropr i a te to i ncorpora te the 

effects o f f luctuat ions [17, 35]. Therefore , we con -

s ider (2) with n o n v a n i s h i n g noise, i.e. we a d d 

r a n d o m perturbat ions to the so lut ions x ( t ) a nd y(t) 
( s tandard dev ia t i on Q). I n the presence o f no i se the 

s a m e propert ies and techn iques as i n Sect. 2 are 

chosen: the instabi l i ty o f orbits, m e a s u r e d by 

L y a p u n o v exponents, and the structure o f attractors, 

d i sp l ayed by next -ampl i tude maps . 

T h e full l ine in F i g . 8 s hows the m a x i m u m 

L y a p u n o v exponent versus the pa ramete r E i n 

the absence o f noise, whereas the d a s h e d l ine 

v i sua l izes the s m o o t h i n g effect o f noise. Par t i cu la r -

ly, it turns out that the thresho lds o f chao s are 

shi fted and that w i n d o w s d i sappear . 

O n e m a y expect that chaos re sponds very sensi -

tively to f luctuat ions as trajectories are unstable, but 

averaged propert ies such as the L y a p u n o v exponent 

/. i are relatively robust. M o r e o v e r , the pa ramete r 

reg ion o f pos i t ive A\ is en larged by noise. 

I n the fo l l ow ing we want to s tudy the effects o f 

f luctuat ions w i th the a id o f nex t - amp l i t ude map s . A 

c o m p a r i s o n o f F i g . 3 a w i th F i g . 9 reveals that the 

two bands merge due to noise, whereas the genera l 

structure is preserved. 

N o w the " w i n d o w " at E = 1.5095 ( compare F i g . 2) 

is cons idered. F i g u r e 10 s h o w s that the 6 - p e r i o d 

cycle is dest royed by the noise and that the be-

ha v i ou r r em ind s to chaos at adjacent parameter s 

(see F i g u r e 3). A n exp lanat ion o f the s eem ing l y 

chaot ic b e h a v i o u r in F i g . 10 is connected w i th 

chaot ic transient [36]: Dete rmin i s t i ca l l y after s o m e 

transient t ime o n a chaot ic repeller the trajectories 

u l t imately fall onto the pe r i od i c attractor. S i n ce 

these transients are m o r e robust aga ins t fluctuations, 

the no i sy trajectories resemble nea rby ( in pa rameter 

space) chaot ic orbits. S u m m a r i z i n g , we conc lude 

that in agreement w i th other studies [13, 17, 35] 

essential propert ies o f chaos persist i n the presence 

141 

Fig. 8. M a x i m u m L y a p u n o v exponen t versus the p a r a m -
eter E. N e i g h b o r i n g po in t s h a v e been jo ined by l ines to 
g u i d e the eye. In tegra t ion t imes : 6000; full l ine: de te r -
min is t i c case ( 0 = 0) ; / I E = 0.005; d a s h e d l ine: noisy case 
(Q = 0.0005); AE = 0.02. 

v 

Fig. 9. N e x t - a m p l i t u d e m a p as in Fig. 3 a bu t nonvan i sh ing 
noise (Q = 0.0002). 

V 

- y < -1.5 
2 -1 .5 

— - y t 0 . 0 

Fig. 10. N e x t - a m p l i t u d e m a p s at £ = 1 . 5 0 9 5 (de te rmin-
istically a w i n d o w ) in the p resence of f luc tua t ions 
( 0 = 0.0004). T h e de t e rmin i s t i c cycle is visual ized by 
crosses, (a) M a x i m u m of >'(/) versus the p reced ing one ; 
(b) m a x i m u m of v( t ) versus the m a x i m u m two osci l lat ions 
be fo re . 



H. Herzel et al. • Nonuni form Chaotic Dynamics and Effects of No i se 142 142 

o f noise. T h u s chaos is ob se rvab le in expe r iment s 

and numer ica l errors have no dramat ic consequences. 

6. Concluding Remarks 

Dete rm in i s t i c chaos appear s i n rather s imp l e 

b i o chem i ca l model s . H o w e v e r , the c o r r e s p o n d i n g 

pa ramete r reg ions in a u t o n o m o u s sy s tems seem to 

be smal l [3, 9]. O n the contrary, it was qu i te easy to 

f ind chaos v i a pe r i od i c m o d u l a t i o n o f the p a r a m -

eters i n (1) [10]. 

C h a o s appea r i n g in (2) wa s m e a s u r e d b y 

L y a p u n o v exponents a n d the K a p l a n - Y o r k e d i m e n -

sion. It turns out, howeve r , that these ave raged 

quant i t ies on l y part ia l ly descr ibe what actual ly is 

g o i n g on, s ince n o n u n i f o r m d y n a m i c s a n d i n h o m o -

geneous attractors are character ist ic p roper t ie s o f 

chemica l chaos. T h e exponent ia l instab i l i ty is, 

therefore, essential o n large t ime scales on ly. 

It is wo r th m e n t i o n i n g that the concept o f non -

un i f o rm i t y seems to be related to the p r o b l e m o f 

weather forecast. L o r e n z invest igated the error 
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